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Chapter 12 Partial differential equations 

§ 
2 2

2 2
( , )

u u
f x y

x y

 
 

 
, with ( , ) ( , )u x y g x y  on  , 

Where 

{( , ) ,  }x y a x b c y d       

Set 0x a , 1nx b  , ( ) /( 1)h b a n   , 0ix x ih  , 

Set 0y c , 1my d  , ( ) /( 1)k d c m   , 0jy j jk  , 

,( , )i j i ju x y u , ,( , )i j i jf x y f ,  

1, , 1, , 1 , , 1 ,2 2

1 1
( 2 ) ( 2 )i j i j i j i j i j i j i ju u u u u u f

h k         , 2 2/h k   

2
, 1 1, , 1, , 1 ,2(1 )i j i j i j i j i j i ju u u u u h f            

Introduce the index ( , )i j  to be ( 1)i n j   

Case 1 1j  : 2
1,1 ,1 1,1 ,2 ,1 ,02(1 )i i i i i iu u u u h f u          

a. 1i  : 2
1,1 2,1 1,2 1,1 ,0 0,1 1,12(1 ) iu u u h f u u F           

1 2 1 12(1 ) nu u u F        

b. 2 ~ 1i n  : 2
1 1 ,1 ,02(1 )i i i i n i i iu u u u h f u F            

c.  i n : 2
1,1 ,1 ,2 ,1 ,0 1,1 ,12(1 )n n n n n n nu u u h f u u F           

1 22(1 )n n n nu u u F       

Case 2 2 ~ 1j m  : 2
, 1 1, , 1, , 1 ,2(1 )i j i j i j i j i j i ju u u u u h f            

a. 1i  : 2
1, 1 0, 1, 2, 1, 1 1, 0,2(1 )j j j j j j ju u u u u h f u           

2
1 ( 2) 1 ( 1) 2 ( 1) 1 1, 0, 1 ( 1)2(1 )n j n j n j nj j j n ju u u u h f u F                  

b. 2 ~ 1i n  : 2
( 2) 1 ( 1) ( 1) 1 ( 1) ( 1)2(1 )i n j i n j i n j i n j i nj i n ju u u u u h f                     
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c.  i n : 2
, 1 1, , , 1 , 1, ,2(1 )n j n j n j n j n j n j n ju u u u h f u F             

( 1) 1 ( 1) ( 1)2(1 )n j nj nj n j n ju u u u F            

Case 3 j m : 2
, 1 1, , 1, , , 12(1 )i m i m i m i m i m i mu u u u h f u            

a. 1i  : 2
1, 1 1, 2, 1, 1, 1 0, 1,2(1 )m m m m m m mu u u h f u u F           

1 ( 2) 1 ( 1) 2 ( 1) 1 ( 1)2(1 )n m n m n m n mu u u F             

b. 2 ~ 1i n  : 2
, 1 1, , 1, , , 1 ,2(1 )i m i m i m i m i m i m i mu u u u h f u F             

( 2) 1 ( 1) ( 1) 1 ( 1) ( 1)2(1 )i n m i n m i n m i n m i n mu u u u F                  

c.  i n : 2
, 1 1, , , , 1 1, ,2(1 )n m n m n m n m n m n m n mu u u h f u u F             

( 1) 1 2(1 )n m nm nm nmu u u F        

The above equations can be assembled as the vector form  

[ ] { } { }nm nm nm nmA U F  . 

Questions: How to implement ija ? 

Consider k lu F  , then lka  . 

§ Polar coordinates 

 
2 2

2 2 2

1 1
( , )

u u u
f r

r r r r



  

  
  

, a r b  , 0 1m      

with the boundary conditions ( , )u a  , ( , )u b  , 0( , )u r   and 1( , )mu r    

Set  0r a , 1nr b  , ( ) / ( 1)h b a n   , 1 0( ) / ( 1)mk m    , 

 0ir r ih  , 0j jk   , ,( , )i j i ju r u  , ,( , )i j i jf r f   

1, , 1, 1, 1, , 1 , , 1
,2 2 2

2 21 1

2
i j i j i j i j i j i j i j i j

i j
i i

u u u u u u u u
f

h r h r k
         

    

2 2 2 2 2
, 1 1, , 1, , 1 ,( ) 2( ) ( )

2 2i j i i i j i i j i i i j i j i i j

h h
u r r u r u r r u u r h f              

where 2( / )h k  . 
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Introduce the index ( , )i j  to be ( 1)i n j  . 

Case 1. 1j  : 2 2 2 2 2
1,1 ,1 1,1 ,2 ,1 ,0( ) 2( ) ( )

2 2i i i i i i i i i i i i

h h
r r u r u r r u u r h f u            

a. 1i  : 2 2 2 2 2
1 1,1 1 1 2,1 1,2 1 1,1 1,0 1 1 0,1 1,12( ) ( ) ( )

2 2

h h
r u r r u u r h f u r r u F             

2 2
1 1 1 1 2 1 12( ) ( )

2 n

h
r u r r u u F         

b. 2 1i n   : 

2 2 2 2 2
1,1 ,1 1,1 ,2 ,1 ,0 ,1( ) 2( ) ( )

2 2i i i i i i i i i i i i i

h h
r r u r u r r u u r h f u F             

2 2 2
1 1( ) 2( ) ( )

2 2i i i i i i i i i n i

h h
r r u r u r r u u F           

c. i n : 

2 2 2 2 2
1,1 ,1 ,2 ,1 ,0 1,1 ,1( ) 2( ) ( )

2 2n n n n n n n n n n n n n

h h
r r u r u u r h f u r r u F             

2 2
1 2( ) 2( )

2n n n n n n n

h
r r u r u u F       

Case 2 2 1j m   : 

2 2 2 2 2
, 1 1, , 1, , 1 ,( ) 2( ) ( )

2 2i j i i i j i i j i i i j i j i i j

h h
u r r u r u r r u u r h f              

a. 1i  : 

2 2 2 2 2
1, 1 1 1, 1 1 2, 1, 1 1 1, 1 1 0, 1,2( ) ( ) ( )

2 2j j j j j j j

h h
u r u r r u u r h f r r u F             

2 2
1 ( 2) 1 1 ( 1) 1 1 2 ( 1) 1 1 ( 1)2( ) ( )

2n j n j n j nj n j

h
u r u r r u u F                 

b. 2 1i n   : 

2 2 2
( 2) 1 ( 1) ( 1) 1 ( 1)( ) 2( ) ( )

2 2i n j i i i n j i i n j i i i n j

h h
u r r u r u r r u                 

2 2
( 1)i nj i i n ju r h f      

c. i n : 

2 2 2 2 2
, 1 1, , , 1 , 1, ,( ) 2( ) ( )

2 2n j n n n j n n j n j n n j n n n j n j

h h
u r r u r u u r h f r r u F               

2 2
( 1) 1 ( 1)( ) 2( )

2n j n n nj n nj n j nj

h
u r r u r u u F            

Case 3 j m : 

2 2 2 2 2
, 1 1, , 1, , , 1( ) 2( ) ( )

2 2i m i i i m i i m i i i m i i m i m

h h
u r r u r u r r u r h f u              
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a. 1i  : 

2 2 2 2 2
1, 1 1 1, 1 1 2, 1 1, 1, 1 1 1 0, 1,2( ) ( ) ( )

2 2m m m m m m m

h h
u r u r r u r h f u r r u F             

2 2
1 ( 2) 1 1 ( 1) 1 1 2 ( 1) 1 ( 1)2( ) ( )

2n m n m n m n m

h
u r u r r u F              

b. 2 1i n    

2 2 2 2 2
, 1 1, , 1, , , 1 ,( ) 2( ) ( )

2 2i m i i i m i i m i i i m i i m i m i m

h h
u r r u r u r r u r h f u F               

2 2 2
( 2) 1 ( 1) ( 1) 1 ( 1) ( 1)( ) 2( ) ( )

2 2i n m i i i n m i i n m i i i n m i n m

h h
u r r u r u r r u F                    

c. i n  

2 2 2 2 2
, 1 1, , , , 1 1, ,( ) 2( ) ( )

2 2n m n n n m n n m n n m n m n n n m n m

h h
u r r u r u r h f u r r u F               

2 2
( 1) 1( ) 2( )

2n m n n nm n nm nm

h
u r r u r u F         

The above equations can be assembled as the vector form  

[ ] { } { }nm nm nm nmA U F  . 

Questions: How to implement ija ? 

Consider k lu F  , then lka  . 

§ 
2

2
2

( , )
u u

g x t
t x

 
 

 
, 0 x l  , 0t  ,  

(0, ) ( )u t q t , ( , ) ( )u l t r t  for 0t  , and ( ,0) ( )u x f x  for 0 x l  . 

Set 0 0x  , 1nx l  , /( 1)h l n  , 0ix x ih  , k t  , jt jk , ,( , )i j i ju x t u  

1. Forward-difference method 

 2
, 1 , 1, , 1, ,2

1 1
( ) ( 2 )i j i j i j i j i j i ju u u u u g

k h
         

, 1 1, , 1, ,(1 2 )i j i j i j i j i ju u u u kg         , 2
2

k

h
   

1, 1 0, 1, 2, 1, 1, 2, 1,(1 2 ) (1 2 )j j j j j j j j ju u u u kg u u q kg                , 

, 1 1, , 1, ,(1 2 )i j i j i j i j i ju u u u kg         , 2 ~ 1i n  , 
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, 1 1, , 1, , 1, , ,(1 2 ) (1 2 )n j n j n j n j n j n j n j n j ju u u u kg u u kg r                  , 

1 1 1

1

1 2 0 0

0 0

0 0

0 0 1 2n n n jj j j

u u g q

k

u u g r

 





 


        
                                                       

, 

1 1

0

( )

( )n n

u f x

u f x

   
              
      

. 

Stability condition 1

2
   

2. Backward-difference method 

2
, , 1 1, , 1, ,2

1 1
( ) ( 2 )i j i j i j i j i j i ju u u u u g

k h
         

1, , 1, , , 1(1 2 )i j i j i j i j i ju u u kg u          , 2
2

k

h
  , 

2, 1, 0, 1, 1, 1(1 2 )j j j j ju u u kg u         , 

1, , 1, , , 1(1 2 )i j i j i j i j i ju u u kg u          , 2 ~ 1i n   

1, , 1, , , 1(1 2 )n j n j n j n j n ju u u kg u           

1 1 1

1

1 2 0 0

0 0

0 0

0 0 1 2 n n njj j j

u g uq

k

u g ur

 





 


          
                                                               

, 

1 1

0

( )

( )n n

u f x

u f x

   
              
      

 

3. Crank-Nicolson method 

2
, 1 , 1, , 1, 1, 1 , 1 1, 1 ,2

1 1
( ) [( 2 ) ( 2 )]

2i j i j i j i j i j i j i j i j i ju u u u u u u u g
k h

                

or 

1, 1 , 1 1, 1 1, , 1, ,(1 ) (1 )
2 2 2 2i j i j i j i j i j i j i ju u u u u u kg
                    

1, 1 2, 1 1, 2, 1, 0, 0, 1(1 ) (1 )
2 2 2 2j j j j j j ju u u u kg u u
               

1, 1 , 1 1, 1 1, , 1, ,(1 ) (1 )
2 2 2 2i j i j i j i j i j i j i ju u u u u u kg
                   , 2 ~ 1i n  , 
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( 1) ( )

1 0.5 0 0 1 0.5 0 0

0.5 0 0.5 0
{ } { }

0 0.5 0 0.5

0 0 0.5 1 0 0 0.5 1

j jU U

   
 

 
   



     
          
       
        

 

 

§ 
2 2

2
2 2

u u

t x
 


 

, 0 x l  , 0t  , (0, ) ( , ) 0u t u l t  , ( ,0) ( )u x f x , ( )
u

g x
t





 

2
, 1 , , 1 1, , 1,2 2

1 1
( 2 ) ( 2 )i j i j i j i j i j i ju u u u u u

k h
        , 

2 2 2
, 1 1, , 1, , 12(1 )i j i j i j i j i ju u u u u          , 

2
2 2

2

k

h
  , 

2 2
1, 1 1, 2, 1, 12(1 )j j j ju u u u      , 

2 2 2
, 1 1, , 1, , 12(1 )i j i j i j i j i ju u u u u          , 

2 2
, 1 1, , , 12(1 )n j n j n j n ju u u u       . 

2 2
1 1 1

2 2 2

2 2 2

2 2
1 1

2(1 ) 0 0

2(1 ) 0

0 2(1 )

0 0 2(1 )n n nj j j

u u u

u u u

 
  

  
  

      
                                         

 

Expand 
2

2
1 2

1
( , ) ( ,0) ( ,0) ( ,0)

2i i i iu x t u x k u x k u x
t t

 
  

 
 

Or  
2

2 2
1 2

1
( , ) ( ,0) ( ) ( ,0)

2i i i iu x t u x kg x k u x
x

 
  


 

2
2 2

2

1
( ) ( ) ( )

2i i i

d
f x kg x k f x

dx
    

2 2

1 12

1
( ) ( ) [ ( ) 2 ( ) ( )]

2i i i i i

k
f x kg x f x f x f x

h


      , 

2 2 2
1 1

1 1
( ) (1 ) ( ) ( ) ( )

2 2i i i if x f x kg x f x        , 

So, 
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1 1

0

( )

( )n n

u f x

u f x

   
              
      

,  

1 0 1 1 1

2 2 2

11

( ) ( ) ( ) ( )

1 1
(1 )

2 2

( ) ( ) ( ) ( )n n n n n

u f x f x g x f x

k

u f x f x g x f x

  



         
                                                
                  

 

§ Finite Element Method 

[ ( , ) ] [ ( , ) ] ( , ) ( , ) ( , )
u u

p x y q x y r x y u x y f x y
x x y y

   
  

   
        (1) 

with the boundary conditions 

( , ) ( , )u x y g x y  on 1S  and 

1 2( , ) ( , ) ( , ) ( , ) ( , )x y

u u
p x y n q x y n g x y u x y g x y

x y

 
  

 
 on 2S        (2) 

Eq. (1) can be expressed as  

2 2 21
min ( ) { [ ( , )( ) ( , )( ) ( , ) ] ( , ) }

2

u u
I u p x y q x y r x y u f x y u dxdy

x y

 
   

   

2

2
2 1

1
{ ( , ) ( , ) }

2S

g x y u g x y u ds   .                (3) 

Dividing the domain into n sub-domain and set the nodal variables of 

each sub-domain, then using the Lagrange’s interpolation to set the 

function ( , )u x y  in terms of the nodal variables as the form ( , )iu x y  in 

the local coordinates. Express the global variable ( , )u x y  as the linear 

combination of ( , )iu x y  to yield 

1

( , ) ( , )i i
i

u x y c u x y


                     (4) 

Substituting Eq. (4) into Eq. (3) yields 
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, 1 1

1
0 { [ ] }

2
j ji i

i j i j i i
i j ii

u uu u
c c p q ru u c fu dxdy

c x x y y 

   
   
       

2

2 1
1 , 1

1
{ }

2i i i j i j
i i ji S

c g u c c g u u ds
c  


  
   .            (5) 

Or 

[ ]{ } { }A c b ,                      (6) 

where 

2

1[ ]j ji i
ij i j i j

S

u uu u
a p q ru u dxdy g u u dxdy

x x y y

  
   

     , 

i ib fu dxdy 
2

2 i

S

g u ds . 

Ex. Four nodes 

1 (0,0)u u , 2 ( ,0)u u l , 3 (0, )u u k , 4 ( , )u u l k  

1 2 3 4( , ) (1 )(1 ) ( )(1 ) (1 )( ) ( )( )
x y x y x y x y

u x y u u u u
l k l k l k l k

         

Ex. Truss Element 
2

2
0

d u

dx
  with 1(0)u u , 2( )u l u  

(1)
1 2( ) (1 / ) ( / )u x x l u x l u    

Dividing the whole truss into n elements, then 

( )
1( ) (1 / ) ( / )i

i iu x x l u x l u     

1 1{  }{1 /  / } {1 /  / }{  }T T
i i i iu u x l x l x l x l u u      

The strain energy 
( )

2 2

0 0
1

1 1
( ) ( )

2 2

inL l

i

du du
S EA dx EA dx

dx dx

     

where E  is the Young’s modulus, A is the cross-sectional area. 

1 10
1

1
{  } {1 /  / } {1 /  / } {  }

2

n l T T
i i i i

i

S u u EA x l x l x l x l dx u u 


     

  1
1

1 1 1 1 1

1
{  }

2

n
i i i i i

i i
i i i i i i

k k u
u u

k k u



    

  
   

  
  
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where 

  1

0
1 1 1

{1 /  / } {1 /  / }
li i i i T

i i i i

k k
EA x l x l x l x l dx

k k


  

 
   

 
  

  1

1 1 1 1

1

j j j j j j

j j j j j

j

s

u k k u

k k us

u



   



 
              
  

 

Combining all elements yields [ ]{ } { }K U f , 1 2 1{ } {   ... }T
nU u u u   

HW 12 

1. Given the problem 

2 2

2 2

u u
xy

x y

 
 

 
, 0 x   , 0 / 2y    

(0, ) cosu y y , ( , ) cosu y y   , 0 / 2y   , 

( ,0) cosu x x , ( , / 2) 0u x   , 1 2y   

To calculate ( , )u x y by using 0.1h k   . 

2. Given the problem  

2

2

1 1

4

T T T

r r r K t

  
 

  
, 

1
1

2
r  , 0 t , 

(1, ) 100 40T t t  , 0 10t  ;  3 0
T

T
r


 


 at 

1

2
r    

( ,0) 200( 0.5)T r r  , 0.5 1r  , 

and use 0.5t  , 0.1r  , and 0.1K   to calculate ( , )T r t  

By (a) the forward-difference method 

     (b) the backward-difference method 

     © the Crank-Nicolson algorithm. 

3. Given the problem 

   
2 2

2 2 2

1 1
0

T T T

r r r r 
  

  
  

, 
1

1
2

r  , 0 / 3t   , 

( ,0) 0T r  , ( , / 3) 0T r   , (1/ 2, ) 50T   , (1, ) 100T   .  
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4. Given the problem  

2 2

2 2

p p

t x

 


 
, 0 1x  , 0 t  

(0, ) 1p t  , (1, ) 2p t  , ( ,0) cos(2 )p x x , ( ,0) 2 sin(2 )
p

x x
t

 



, 0 1x   

To calculate p  by using 0.1x t    . 

 


