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Chapter 12 Partial differential equations
§ —+7— f(x,y), with u(x,y)=g(x,y) on oQ,
Where

Q={(x,y)la<x<b, c<y<d}
Set x,=a, x,,=b, h=(b-a)/(n+1), x =x,+ih,
Set yo=c¢, y,,=d, k=(d-c)/(m+1), y,=j,+ kK,

U(Xi’yj):ui,jl f(xi'yj)= fi,jl

1
hz(l+1j 2u +u—lj)+k2(|1+1 2u +uljl) IJ’ a:hzlk2
au Uy =2+ a)u  + U ol = =h? fi;

Introduce the index (i, j) tobe i+n(j-1)

Casel j=1! u,,—2(+a)u,+U,, +au,=h*f, —au,,

a. i=1! 2(l+a)u, +U,, +au, =h*f —au, —u, 2 F,

-21+a)u, +u,+au,,, =F

1+n

b. i=2~n-1: u_,-2(l+a)u, +u,, +au,, =h’*f, —au 2 F

i+1

>
R

. . 2
C. I=n: un—l,l —2(1+ a)unvl +aun'2 = h fn,l _au n,0 un+11 nl

u_,—20+a)u, +au,, =F,

2
Case2 j=2~m-liau ,+ =21+ o)y, +Uu, +au,, =h*f
a. i=1: au,+Uy;—2(+a)u +U, ; +au, , =h*f Uy,
2
AUy, gy = 2L+ @)Uy FUgpn(jogy + AUy =D —Ug = F )

2
b' I - 2 ~n- 1 aan(j 2) +u| -1+n(j-1) 2(1+a)u|+n(1 -1) +u|+1+n(] -1) +au|+nj h fi+n(j—l)



Chapter 12 9/18/2013 Prof. R.-T. Wang

C. i=nl au ;,+U_;,—-20+a)u ;+au, = h? foi = Uni = Foi
Uy gy tU g — 20+ @)Uy +au, . =F

Case 3 j=m: au,, +U_, —20+a), +U,, = h? fim— Ui g

a. i=1: au, -2(1+ a’)Ulym tu,, = h? fl,m QU g — Uy = I:1,m

au1+n(m—2) - 2(1+ a)u1+n(m—1) + u2+n(m 1) I:1+n(m—1)

b. i=2~n-1: ol Uy, =20+ ), + Uy, = h? fim—QUina=Fn
U, im2) Ui nmey — 2@+ Uy Uiy = Fneo
C. i=n: au,,,+U_,—20+a)u, . fn,m —O0U; g Ui = Fom
AUy gy Uy — 20+ U, =

The above equations can be assembled as the vector form
[A]nmxnm{U}nm :{F}nm

Questions: How to implement  a, ?

Consider pu, =F,then a, =43.

8§ Polar coordinates

ou 1éu 1 o

a2 ror r2of’
with the boundary conditions u(a,é), u(b,8), u(r,g,) and u(r,6,.,)
Set r,=a, r_,=b, h=(b-a)/(n+1), k=@,.,—-6,)/(m+1),

n+

=f(r,0), asr<b, 6,60<6,,

m+1
r=r,+ih, 0,=6,+jk, u(r,0,)=u;;, f(r,6,)=",

=20, +U g LUy = Uiy 1 U =20+
2 b= t— 2 i,
h I 2h I K

|+1 j

an,j_ﬁ(ﬁz—gr) oy —2(a+r’ ;| +(r? Jrgr)u,m+ozui’j+l:ri2h2fi,j

where a = (h/k)>.
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Introduce the index (i, j) tobe i+n(j-1).

Case 1. j=1: (rz—gr) Uy, —2(a+ 1)U, + (1 +2r)u,+ll+au =r’h*f,, —

1
a. i=1: 2(a+rH)u, +(r Dr)u u,, = r’h*f u,, —(r’ Dr)u ZF
o=l —dla+h)u, + 1+21 aataU, =1 11~ QU — 1_21 01~ Mg

=K

1+n

—2(a+r12)u1+(r12+2r)u +au
b. 2<i<n-1:

(ri2 _gr.) i-11 —2(a+r, )U|1 +(I’ + 2 r)ul+ll +au;, = ri2h2 fi,l —au;, = F.

(ri2 _gri)ui—l —Z(CY + I’-iz)ui + (r|2 + 2 r)uH—l +au,, = Fl
c. i=n
(rn2 _g I’-n)un—l,l - Z(a + rnz)un,l + aun,z = rnzh2 fn,l - (r ) n+1,1 = F n1

(r? —gr W, —2(a+r)u, +au, =F,

n

Case2 2<j<m-1:

+au. .., =r’h*f

h h
aui,j—l—i_(riz _Er) i-1,j 2(a+r )U +(r +2r)ul+lj i,j+1 i ij

a. i=1:

h h
2 2 212 2 A
aul,j—l_z(a+'1 )ul,j +(; +Erl)u2,j +au, ., =1 h fl,j —(r; _Erl)uo,j = Fl,j

14nj F1+n(j—1)

h

2 2

Uy, o) — 2(a+r )u1+n(j—l) +(n, +Erl)uzm(j—l) +au
b. 2<i<n-1:

h h
2 2
Ui (-2 T (r _Er-i)ui—l+n(j—1) 2(a+r, )U|+n(1—1) +(r; +Eri)ui+l+n(j—1)

212
tau,,; = h fi+n(J>1)
c. i=n
h h
2 2¢ A
aun,j—l—i_(rn _Er) n-1j 2(a+r )U +au“'j+l_r h _(r +2r)un+l’j :Fn,j
h
2 2
au, iy +(I, _Ern)u—hnj —2(a+r; )unj +aU, ) = Fnj
Case3 j=m
2N -2 h 2h? f
aui,m—l +(|’| _Er) i-1,m (0(+ r )U + (r +— 2 r)uH-lm I’-| im _aui,m+l
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a. i=1:
h
2 212 A
au 1,m-1 2(a+r )U +(r1 +EI’:L)uZ,er-lh fl,m_ 1,m+1 (r ) m:Fl,m
2(cr+ 1 2, “F
Uy, (m-2) — (a+r, )u1+n(m—1) +(1 +Er1)u2+n(m—l) = Frinm-)
b. 2<i<n-1
2 h 2 h 2h2f A F
aui,m—l +(|’| _Er) i-1,m (0( +1 )U + (r +— 2 r)UH-lm fi i,m _aui,m+l —Vim
> h L
Ui, (m-2) +(1, _Eri)ui—hn(m 1) —2(a+r, )u|+n(m—1) +(r; +Eri)ui+1+n(m—l) = Fi+n(m—1)
c. i=n
2 h 2 2 _ 2h2f 2 h A F
aun,m—l + (rn _Ern)un—l,m - (C( +1, )un,m =1 n,m _aun,m+l - (rn +Ern)un+1,m —am

—1+nm 2(0{ + I’-nz)unm = an

h
u r’——r)u
a n(m—1)+(n 2 n)
The above equations can be assembled as the vector form
[A]nmxnm{U}nm :{F}nm

Questions: How to implement  a, ?

Consider pu, =F,then a, =43.

ou 282
—=a"—+g(x,t), O<x<I, t>0,
S - 52 TaD,

u(0,t) =q(t), u(l,t)=r(t) for t>0,and u(x,0)=f(x) for o<x<I.

Set x,=0, x., =1, h=1/(n+1), x=x+ih, k=At, t; = jk, u(x,t)=u,

n+1

1. Forward-difference method

1 1
E(ui,jﬂ—l_ui,j):az hz( i+1, 2U +u|l])+glj

U g =AU+ (=24 +Au,,  +Kg ;, A= a%

i,j+1 i+1, ]

U = /’tuoyj +(1- 21)“1,; + ﬁuzvj + kgl,j =1- 2/1)u11j + iuzvj + iqj + kglyj ,

i =AU HA=2)u  + A, +ke , T=2~n-1,
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Uy = /’tqu +(1—2;t)un’j +/’tun+lyj + kgnyj = Aunflyj +(1- 2/1)un'j + kgn’j +/1rj ,
U, 1-22 4 0 0 U, 0, q U f(x)
° A e o 0 ° ° 0 ° °
= +k +A4 : =
° 0 ° A ° ° 0 ° °
Up ) 0 4 1-22]|u,J, 9o rl, Wy LFO6)
Stability condition /1<%
2. Backward-difference method
1 , 1
E(ui,j |11) a h2( i+1, 2U +u|l])+glj
, K
Ay +@+20) 0, A, —kg, =4, A=« Pel
—ZUZ’J- + 1+ Zﬂ)ul,j —/”Luo,j —kgllj =U 4,
AUy 5+ @+ 220 — A, 5 —kg;  =U; .,y 1=2~n-1
—xlunflyj+(1+2;t)un’j U kgnjz nja
1+22 -4 0 0 U g, q U, U, f(x)
-1 . ) 0 ° ° 0 . ° °
-k -1 = , =
0 ° ° -1 ° ° 0 ° ° °
0 0 -4 1+24](uy,J, 9., SR U P U f(x,)

3. Crank-Nicolson method

1 1
E(ui,jﬂ _ui,j) = az 2h2 [( i+1, 2U +u| -1, J)+(u|+l j+l 2ui,j+1 +ui—1,j+1)]+ gi,j
or

A

& —u &ui—l,j +(l_l)ui,j +§ I+1J +kg| j

ij+1 2 i+1, j+1 = 2

_2 i lj+l+(1+2’)u

A A A A
(1"'/1)“1,141 2u2j+1 - i)ulj+2U21+k911+2u01+2u01+1

A A A A
_2 Il]+l+(1+i)u U _uiflvj+(l_l)ui,j+2 I+1J+kg|J1 I=2~n- 1

ij+1 2 i+1, j+1 = 2
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1+4 -054 0 0 1-4 054 O 0
-0.54 ° ° 0 . 0.54 . . 0 .
(i+n _ (1
0 ° ° -0.51 U3 0 . . 0.54 U}
0 0 -054 1+4 0 0 054 1-2
a—zu—azﬂ O<x<l, t>0, u(0,t)=u(l,t)=0, u(x,0)= f(x) a—u—g(x)
6‘t2 aXZ ) ) ) L 1 ) ) ) 8t
1 , 1
F(ui,ﬁl _Zui,j +ui,j71) =a F(um,j _Zui,j +ui—1,j) )
2 2 2 2 2 k2
U =AU + 20 =AU + AU, — Uy, AT =a el
Uy = 20— A%)Uy; + A%, —Uy g,
U oq =AU +2(- A%, + AU, — U,
i,j+1 i-1,] i,j i+1, ] i,j-17
Up o = AUy +20= A7), = Uy
u, 20-2%) A 0 0 U !
o | A 2a-2) X 0 ol e
. 0 A? 2(1-1%) A° . .
2 2
n j+1 0 0 /I 2(1_/1 ) un J Un j—l

2

Expand u(x,t)=u(x,0)+ k%u(xi,0)+%k2 %u(xi,O)
Or

1 o
u(x,t)=u(x,0)+ kg(xi)+5k2azyu(xi,0)

_ F(x)+kg(x) 4 Sk2a? O
i 2 dx?
2 2

. f(xi)+kg<xi>+§kh—‘f[f(xi+1>—2f(xi>+ F(x 1,

FO5)

=)+ -2 F(R) () 45 22 (x,0)

So,
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U f(x)

U, [F(x)

U f(X) f(x) 9(x) f(x)
VL) +(1-12) RS I GRS B
° 2 ° ° ° 2 °
Uy J, f (%) f(x,) 9(x,) f(x,)

§ Finite Element Method

0 ou 0 ou
= [P y)&]+5[q(x,y)al+r(x, yux, y) = f(x,y) (1)

with the boundary conditions
u(x,y)=g(x,y) on s, and
ou ou B
PO, Y)Z N+ alx, y)a—ylﬂy +0,(X, )u(x,y) = g,(x,y) on s, (2)
Eq. (1) can be expressed as
mini ) = [[GEP0L V(G + 800 Y =1+ (x, y)uy
+[ g0 YU+ g, (x Y. 3)

Dividing the domain into n sub-domain and set the nodal variables of

each sub-domain, then using the Lagrange’s interpolation to set the

function u(x,y) in terms of the nodal variables as the form u(x,y) in
the local coordinates. Express the global variable u(x,y) as the linear
combination of u(x,y) toyield

u(x,y) = ;Ciui(x, y) (4)

Substituting Eqg. (4) into Eq. (3) yields
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C ou, 0 0w
- H{ ,;"[pax > +qa % ruu]+Zcfu}dxdy

+—J‘{ chzu += Zc [0,u;U s .
Or
[Al{c}={b},

where

ou, ou; u, Ou;
a. _H[p ax 8x —E—ruiuj]dxdyz[gluiujdxdy,

b, = [ fudxdy —[ g,uds .
S
Ex. Four nodes
u, =u(0,0), u,=u(l,0), u,=u(0,k), u,=u(lk)

0,050 0, - D - ru, G
(% Y) =4, 0=+, (-0 +1,a- D) +u,(HE)

Ex. Truss Element

d_”—o with u(0)=u,, u(l)=u,
dx?

uD(x) = (L—x/Nu, + (x/Nu,
Dividing the whole truss into n elements, then

u®@(x) = (@-x/u, +(x/Nu,

i+1
={u, u HL-x/1 x/1} ={—x/1 x/1Hy, u,}
: Lt dug, du®
The strain energy S _Ejo EA(&) dx = ZJ EA(—) dx
where E is the Young’s modulus, Ais the cross-sectional area.

S = 20, . ) AL X/ X/IY - X/ X/ 1Yo, u, ¥
i=1

18 K. kg ||y
- {ul uiJr }|: (] 11+ :|{ 1 }
2 ; ' ki-¢-l i I(i+1 i+1 ui+l

(5)

(6)
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where

k. . k..1 I T
{k" }L EACL— x/1 x/1¥ {1— x/1 x/1}dx

i+11i ki+1 i+1

0S

ou; :{k“ kijuj}
s Kivij  Kiajua | (Uja

ou

j+1

Combining all elements yields [K{U}={f}, {U}={y u, ..

HW 12

1. Given the problem
a—2l21+il::xy, O<x<m, O<y<z/2
oX~ oy
u(0,y)=cosy, u(rz,y)=-cosy, 0<y<zx/2,
u(x,0)=cosx, u(x,z/2)=0, 1<y<2
To calculate u(x,y)byusing h=k=0.1r.

2. Given the problem

2
ﬂ+1ﬂ—iﬁ %srsl, 0<t,

o> ror 4K ot

T(L,t)=100+40t, 0<t<10: (Z—I+3T:O at r:%

T(r,0)=200(r—0.5), 05<r<1,
anduse At=0.5, Ar=0.1,and K =0.1 tocalculate T(r,t)
By (a) the forward-difference method

(b) the backward-difference method

© the Crank-Nicolson algorithm.

3. Given the problem

2 2
nglﬂJriza_Tz:o, Lor<1 o<t<nss,
or ror r-oé 2

T(r,0)=0, T(r,z/3)=0, T(/2,0)=50, T(L8)=100.

9

T
un+1}



Chapter 12 9/18/2013 Prof. R.-T. Wang

4. Given the problem

2 2
TP_OP goxs<1, o<t
ot°  0Ox

p(0,t)=1, pLt)=2, p(x,0)=cos(2xx), %(X,O):Zyzsin(&zx), 0<x<1

To calculate p by using Ax=At=0.1.

10



